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Abstract
The growth of structure in the Universe proceeds via the collapse of dark matter
and baryons. This process is retarded by dark energy which drives an accelerated
expansion of the late Universe. In this thesis we use cosmological perturbation the-
ory to investigate structure formation for a particular class of dark energy models,
i.e. interacting dark energy models. In these models there is a non-gravitational in-
teraction between dark energy and dark matter, which alters the standard evolution
(with non-interacting dark energy) of the Universe. We consider a simple form of
the interaction where the energy exchange in the background is proportional to the
dark energy density. We analyse the background dynamics to uncover the effect of
the interaction. Then we develop the perturbation equations that govern the evolu-
tion of density perturbations, peculiar velocities and the gravitational potential. We
carefully account for the complex nature of the perturbed interaction, in particular
for the momentum transfer in the dark sector. This leads to two different types of
model, where the momentum exchange vanishes either in the dark matter rest-frame
or the dark energy rest-frame. The evolution equations for the perturbations are
solved numerically, to show how structure formation is altered by the interaction.
ii
 
 
 
 
Declaration
I declare that Perturbations of Dark Energy Models is my own work, that it has not
been submitted for any degree or examination in any other university, and that all
sources I have used or quoted have been indicated and acknowledged by complete
references.
Mohammed A. M. A. Elmufti 29 February 2012.
iii
 
 
 
 
Acknowledgement
I would like to thank my supervisor Professor Roy Maartens for his insightful guid-
ance, direction and assistance.
My gratitude also goes to the National Astrophysics and Space Science Programme
(NASSP) who assisted me in many ways throughout my studies.
I would like to extend my heartfelt thanks to my parents and family, M. Gabler (the
dynamo of our group), D. Cunnama, S. Randriamampandry, Ms A. Ratsimbazafy,
Shosho (UCT), Ms M. Elmardi (UCT), A. Abbebe (UCT), N. Walker (UCT) and Ms
R. Du Toit (UCT).
iv
 
 
 
 
Contents
Abstract ii
1 Introduction 1
1.1 A Homogeneous and Isotropic Universe . . . . . . . . . . . . . . . . . 2
1.2 Present Composition of the Universe . . . . . . . . . . . . . . . . . . 3
1.3 The History of the Universe . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Basic Cosmological Concepts . . . . . . . . . . . . . . . . . . . . . . . 6
2 Review of cosmological scalar perturbations 8
2.1 Perturbations in General Relativity . . . . . . . . . . . . . . . . . . . 8
2.2 The Background Universe . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 The Perturbed Universe . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.4 Gauge Transformations . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.5 Perturbations in the Energy-Momentum Tensor . . . . . . . . . . . . 14
2.6 Perturbed Conservation Equations . . . . . . . . . . . . . . . . . . . 16
2.7 Perturbations of the Curvature Tensor . . . . . . . . . . . . . . . . . 17
2.8 Perturbed Field Equations . . . . . . . . . . . . . . . . . . . . . . . . 19
2.9 Scalar Perturbations in Fourier Space . . . . . . . . . . . . . . . . . . 20
3 Dynamics of Interacting Fluids 21
3.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.2 Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4 A Simple Model of Interacting Dark Energy: Background Dynamics 27
5 A Simple Model of Interacting Dark Energy: Perturbations 33
v
 
 
 
 
5.1 Model with No Momentum Transfer in the CDM Frame . . . . . . . . 34
5.2 Model with No Momentum Transfer in the DE Frame . . . . . . . . . 45
5.3 Newtonian Approximation . . . . . . . . . . . . . . . . . . . . . . . . 53
5.4 The Case w = −1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
5.5 Variable w Model. I . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.6 Variable w Model. II . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
6 Conclusions 73
A 76
A.1 Classification of the Metric Perturbations . . . . . . . . . . . . . . . . 76
A.2 Separation into Scalar, Vector, and Tensor Perturbations . . . . . . . 76
References 81
vi
 
 
 
 
List of Figures
2.1 Comparison between the background (left) and the perturbed (right)
spacetimes (adapted from [2]). . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Gauge transformation between background (left) and perturbed (right)
spacetimes (adapted from [2] and [8]). . . . . . . . . . . . . . . . . . . 13
4.1 Background evolution. . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.2 Γ = 0.3H0 (left) and 1.0H0 (right), showing how Ωc becames negative
at a > 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.3 Evolution of the dimensionless Hubble parameter h = H/H0 in the
background. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
5.1 Background evolution for w = constant = −0.9. . . . . . . . . . . . . 34
5.2 Baryonic Matter and CDM density perturbations (sub-Hubble). . . . 38
5.3 DE density perturbations (sub-Hubble). . . . . . . . . . . . . . . . . 39
5.4 Total Matter, CDM and Baryonic Matter density perturbations (sub-
Hubble). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.5 Baryonic Matter, CDM and DE velocities (sub-Hubble). . . . . . . . 40
5.6 The gravitationl potential (sub-Hubble). . . . . . . . . . . . . . . . . 40
5.7 Baryonic Matter and CDM density perturbations (super-Hubble). . . 41
5.8 DE density perturbaions (super-Hubble). . . . . . . . . . . . . . . . . 41
5.9 Total Matter, CDM and Baryonic Matter density perturbations (super-
Hubble). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.10 Baryonic Matter, CDM and DE velocities (super-Hubble) . . . . . . . 42
5.11 The gravitationl potential (super-Hubble). . . . . . . . . . . . . . . . 43
vii
 
 
 
 
5.12 Negative CDM and DE density perturbations for Γ = −0.38H0 (super-
Hubble). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
5.13 Blow-up in CDM and DE density perturbations for Γ = −0.65H0
(super-Hubble). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.14 The gravitational potential for Γ = −0.38H0 (super-Hubble). . . . . . 44
5.15 The gravitational potential for Γ = −0.65H0 (super-Hubble). . . . . . 45
5.16 Baryonic Matter and CDM density perturbations (sub-Hubble). . . . 47
5.17 DE density perturbations (sub-Hubble). . . . . . . . . . . . . . . . . 47
5.18 Total Matter, CDM and Baryonic Matter velocities (sub-Hubble). . . 48
5.19 CDM and DE velocities (sub-Hubble). . . . . . . . . . . . . . . . . . 48
5.20 Baryonic Matter and DE velocities (sub-Hubble). . . . . . . . . . . . 49
5.21 The gravitational potential (sub-Hubble). . . . . . . . . . . . . . . . . 49
5.22 Baryonic Matter and CDM density perturbations (super-Hubble). . . 50
5.23 DE density perturbations (super-Hubble). . . . . . . . . . . . . . . . 50
5.24 Total Matter, CDM and Baryonic Matter velocities (super-Hubble). . 51
5.25 CDM and DE velocities (super-Hubble). . . . . . . . . . . . . . . . . 51
5.26 Baryonic Matter and DE velocities (super-Hubble). . . . . . . . . . . 52
5.27 The gravitational potential (super-Hubble). . . . . . . . . . . . . . . . 52
5.28 Baryonic Matter and CDM density perturbations for w = −1 (sub-
Hubble). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
5.29 DE density perturbations for w = −1 (sub-Hubble). . . . . . . . . . . 56
5.30 Baryonic Matter, CDM and DE velocities for w = −1 (sub-Hubble). . 56
5.31 The gravitatioanl potential for Γ = −0.3H0 and w = −1 (sub-Hubble). 57
5.32 Blow-up in CDM density perturbation for w = −1 (sub-Hubble) . . . 57
5.33 DM and DE velocities for w = −1 (sub-Hubble). . . . . . . . . . . . . 58
5.34 The gravitational potential for w = −1 and Γ = 0.111709H0 (sub-
Hubble). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
5.35 Blow-up in CDM density perturbation for w = −1 (super-Hubble). . . 59
5.36 DM and DE velocities for w = −1 (super-Hubble). . . . . . . . . . . . 59
5.37 The gravitational potential for Γ = 0.111709H0 and w = −1 (super-
Hubble). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
5.38 Γ = 0.111709H0 for w = −1 shows how Ωc becames negative at a > 1. 60
viii
 
 
 
 
5.39 The linear function w(a) = −0.9 a . . . . . . . . . . . . . . . . . . . . 61
5.40 The background evolution for w = −0.9 a . . . . . . . . . . . . . . . . 62
5.41 Baryonic Matter and DE density perturbations for w = −0.9a. . . . 62
5.42 CDM and DE density perturbations for w = −0.9a. . . . . . . . . . . 63
5.43 Baryonic Matter, CDM and DE velocities for w = −0.9a. . . . . . . . 63
5.44 The gravitational potential for w = −0.9a. . . . . . . . . . . . . . . . 64
5.45 Baryonic Matter and CDM density perturbations for w = −0.9a. . . . 64
5.46 DE density perturbations for w = −0.9a. . . . . . . . . . . . . . . . . 65
5.47 Baryonic Matter and DE velocities for w = −0.9a. . . . . . . . . . . . 65
5.48 CDM and DE velocities for w = −0.9a. . . . . . . . . . . . . . . . . . 66
5.49 The gravitational potential for w = −0.9a. . . . . . . . . . . . . . . . 66
5.50 The function w(a) = −0.5− 0.5 tanh[2.2(a− 0.5)] . . . . . . . . . . . 67
5.51 The background evolution for w(a) given by equation (5.62). . . . . . 68
5.52 Baryonic Matter and CDM density perturbations for w given by equa-
tion (5.62). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.53 DE density perturbations for w given by equation (5.62). . . . . . . . 69
5.54 Baryonic Matter,CDM and DE velocities for w given by equation (5.62). 69
5.55 The gravitatioanl potential for w given by equation (5.62). . . . . . . 70
5.56 Baryonic Matter and CDM density perturbations for w given by equa-
tion (5.62). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.57 DE density perturbations for w given by equation (5.62). . . . . . . . 71
5.58 Baryonic Matter and DE velocities for w given by equation (5.62). . 71
5.59 CDM and DE velocities for w given by equation (5.62). . . . . . . . . 72
5.60 The gravitational potential for w given by equation (5.62) . . . . . . 72
ix
 
 
 
 
Chapter 1
Introduction
Perturbation theory is one of the most important tools in cosmology. It consists of
three major parts: scalar, vector and tensor perturbations. Scalar perturbations are
the most important ones, where they include density and velocity perturbations. They
produce structures in the Universe starting with small initial perturbations. They
experience gravitational instability, so that overdense regions grow more overdense.
Vector perturbations couple to the perturbations of the rotational velocity in the
cosmic fluids and they decay in the expanding Universe. Tensor perturbations are
gravitational waves in an expanding Universe. If they are strong enough, then with
observations we can detect their effect on the anisotropy of the cosmic microwave
background (CMB).
The current cosmological observations indicate the need for non-baryonic cold dark
matter (CDM) to grow the galaxies, and for dark energy (DE) to drive a late-time
acceleration of the Universe [3]. Models of interacting DE assume only an interaction
with CDM. There could be an interaction between CDM and DE that would not
show itself in any laboratory experiments but would show an effect in the dynamics
and structure formation of the Universe.
In our work we consider an interaction between CDM and a DE fluid model, in which
energy transfers from CDM to the DE.
This thesis is constructed as follows:
In Chapter 1 we introduce the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) back-
ground spacetime. We give a summary of the main components of the Universe and
1
 
 
 
 
connect that with the epochs of radiation, matter and dark energy domination. We
conclude by defining basic cosmological concepts, some of which have been used in
our work.
In Chapter 2 we give a general review of scalar perturbations in cosmology. Based on
Einstein’s theory of general relativity, we introduce the mathematical formulas for the
perturbed metric, curvature and energy-momentum tensors. We show how to define a
gauge transformation rule to find a correspondence formula between scalar quantities
in the background and the perturbed spacetimes. We provide perturbed conservation
equations for the energy and momentum and also the perturbed field equations. Then
we use Fourier expansion to expand the perturbations in the background spacetime.
In Chapter 3 we introduce the dynamics of interacting fluids that will be used in
the following chapters. Then we define their governing equations that produce back-
ground and perturbed spacetime equations.
In Chapter 4 we study the dynamics of the background in a simple interacting dark
energy model. We show how that model can produce significant changes to the
background dynamics.
In Chapter 5 we provide a full analysis of the perturbations in the interacting dark
energy models. We use that to derive evolution equations in terms of velocity and
density perturbations. We connect that with our background part in Chapter 4 to
investigate structure formation in the current Universe.
Conclusions are provided in Chapter 6.
1.1 A Homogeneous and Isotropic Universe
Theoretical cosmology aims to find out the origin, composition and evolution of the
entire Universe as a single system. In modern cosmology, all the fundamental as-
sumptions are the cosmological principle and the theory of general relativity (GR).
The cosmological prinicple embodies isotropy and homogeneity of the Universe.
Isotropy indicates that there is no preferred direction in the Universe in a way that,
if the Universe is viewed from any specific point it looks the same regardless of the
direction. Homogeneity implies that the Universe appears the same everywhere at
any given cosmic time in the spacetime.
2
 
 
 
 
Based on GR, the FLRW spacetime model provides these properties in which the line
element is described as
ds2 = −dt2 + a2(t)
[ dr2
1−Kr2 + r
2(dθ2 + sin2 θdφ2)
]
, (1.1)
where t is the proper time, a is the scale factor, K is the curvature, H is the Hubble
parameter and (r, θ, φ) are the coordinates of the 3-spaces.
To describe the matter, an ideal fluid will be used, where
Tµν = (ρ+ p)uµuν + pgµν , (1.2)
where uµ = δµ0 is the fluid four-velocity and ρ, p are the fluid energy density and
pressure.
The equation of state
w =
p
ρ
, (1.3)
relates pressure and density, with w often assumed constant. Then the GR field
equations (1.1) and (1.2) give [1],[2]
H2 =
8piG
3
ρ− K
a2
, (1.4)
a¨
a
= −4piG
3
(ρ+ 3p), (1.5)
know as the Friedmann and Raychaudhuri equations respectively.
1.2 Present Composition of the Universe
In terms of the current Hubble rate H0 we can define a critical density ρc
ρc =
3H20
8piG
. (1.6)
Since the sum of different contributions represents the total density of those contri-
butions, then
ρ =
∑
A
ρA. (1.7)
Then we define the dimensionless quantities
ΩI0 =
ρI0
ρc
=
8piGρI0
3H20
, (1.8)
3
 
 
 
 
∑
I0
ΩI0 = 1, (1.9)
where the curvature term is ΩK0 = −K/(a20H20 ).
In the current Universe, there are four components contributing to this sum [3] :
Radiation
including the photons of the Cosmic Microwave Background (CMB) and massless
neutrinos, with equation of state
pr =
1
3
ρr (wr =
1
3
), (1.10)
and Ωr0 ≈ 10−4.
Baryonic Matter
respresented by the current non-relativistic atoms and nuclei that constitute the or-
dinary matter, with equation
pb = 0 (wb = 0), (1.11)
and Ω
(0)
b ≈ 0.05.
Cold Dark Matter (CDM)
is related to theories beyond the standard model of particle physics and not yet
detected. It is introduced to offer a more consistent explanation for the growth and
properties of galaxies, with equation of state
pc = 0 (wc = 0), (1.12)
and Ωc0 ≈ 0.2.
4
 
 
 
 
Dark Energy
Observations of supernovae and other observational evidence motivate the idea of
introducing dark energy (DE) which is a field that causes the late-time acceleration
of the Universe. The simplest model of DE is a cosmological constant with
pΛ = −ρΛ (wΛ = −1) , ρΛ = Λ
8piG
, (1.13)
and ΩΛ ≈ 0.75.
1.3 The History of the Universe
From the energy-momentum conservation ∇µT µν = 0, we can extract a continuity
equation in the form
ρ˙ = −3H(ρ+ p). (1.14)
This equation is correct for each ρI in case the interaction is purely gravitational
between the fluids. The solution of equation (1.14) when w = constant is given by
ρI = ρI0
(a0
a
)3(1+wI)
. (1.15)
Then the Friedmann equation (1.4) for K = 0 may be written as [4]
H2(a)
H20
= Ωr0
(a0
a
)4
+ (Ωb0 + Ωc0)
(a0
a
)3
+ ΩΛ0. (1.16)
The right hand side of the above equation varies with the scale factor a in a different
negative power as a grows with time. That means each term on the right dominates
at different times during the history of the present Universe :
Dark Energy Dominated Era
At recent times, a . a0,Λ dominates the right of (1.16). This leads to an approximate
solution of (1.4): a ∝ exp
√
Λ
3
t, resulting in a period of exponential expansion with
constant H known as de Sitter phase.
5
 
 
 
 
Matter Dominated Era
Before DE domination, matter dominated. The approximation solution of (1.4) gives
a ∝ t2/3.
Radiation Dominated Era
When we go back far enough into the past history of the Universe, radiation domi-
nates the total energy density. The apprximate solution of (1.4) gives a ∝ t1/2.
The radiation energy density dilates more quickly compared to the non-relativistic
matter. That is caused by the expansion of the Universe, in which the photons faced
additional energy decrease.
In the observed redshift z (see below) DE dominates for z . 1, matter dominates for
1 . z . 104, and radiation dominates for z & 104.
1.4 Basic Cosmological Concepts
Comoving Coordinates: a system of coordinates fixed with respect to the overall
Hubble flow of the Universe, so that any given location of a galaxy in comoving
coordinates does not change during the expansion of the Universe.
Comoving distance: the comoving distance d from an observer to a distant object
(e.g. a galaxy) can be computed by
d =
∫ t0
te
dt′
a(t′)
, (1.17)
where a(t′) is the scale factor, te is the cosmic time of emission of photons detected
by the observer and t0 is the cosmic time at the observer. The comoving distance
between two points remains constant during the evolution of the Universe, while the
physical distance between two points does, however, change as the Universe expands:
dphys = ad [5].
Hubble Scale: The Hubble parameter defines a length scale H−1 known as the
Hubble radius. At each cosmic time t, this defines a sphere of radius H−1(t).
6
 
 
 
 
Redshift: the expansion of the Universe alters the wavelength of the light emitted by
distant objects. The ratio of the observed wavelength to the emitted rest wavelength
defines the redshift z
1 + z =
λ0
λe
, (1.18)
where λ0 and λe are the observed and emitted wavelengths respectively. In terms of
the scale factor
1 + z =
a0
a(te)
. (1.19)
Fourier decomposition: is given by
φ(x) =
∫
d3~ke−
~k·~xφk. (1.20)
The comoving wave number k of Fourier mode is related to the physicsal wavelength
λ of the mode by
k =
a
λ
. (1.21)
Super-Hubble: modes have wavelength greater than the Hubble scale
λ > H−1 ⇔ a
k
> H−1 ⇔ k < aH. (1.22)
On super-Hubble scales the wavelength is greater than the Hubble scale which is the
scale defining speed of light sphere. On super-Hubble scales there can be no causal
contacts, so any two physical conditions in two events A and B at the left and right
hand sides outside of the light sphere cannot influence each other.
So super-Hubble modes do not respond to physical influence like pressure.
Sub-Hubble: modes satisfy
λ < H−1 ⇔ a
k
< H−1 ⇔ k > aH. (1.23)
For any two physical conditions in two events A and B at the left and right hand
sides inside the light sphere all physical influences are felt, including pressure.
7
 
 
 
 
Chapter 2
Review of cosmological scalar
perturbations
2.1 Perturbations in General Relativity
The idea of the perturbation theory of general relativity is to consider a perturbed
spacetime close to another symmetric and simple spacetime known as the background
spacetime, as shown in Figure (2.1) below
Figure 2.1: Comparison between the background (left) and the perturbed (right)
spacetimes (adapted from [2]).
Physically, that means there is a coordinate system on that perturbed spacetime, and
its metric will be in the form
gµν = g¯µν + δgµν , (2.1)
where g¯µν represents the metric of that background spacetime and δgµν is small.
8
 
 
 
 
For a linear perturbation theory, the product of small quantities such as δgµν , δgµν,ρ
and δgµν,ρσ will be neglected. By contrast, for a second order perturbaion theory, the
product of each two small quantities will survive.
Consequently, the curvature and energy-momentum tensors of that perturbed space-
time should be expressed in the form
Gµν = G¯µν + δGµν , (2.2)
Tµν = T¯µν + δTµν . (2.3)
Then the field equations for the perturbation are
δGµν = 8piGδT
µ
ν . (2.4)
The background Universe is homogeneous and isotropic, and, t = constant time slices
have Euclidean geometry.
2.2 The Background Universe
Since the background spacetime is a FLRW Universe in comoving coordinates xµ the
background metric is given by
ds¯2 = g¯µνdx
µdxν = −dt2 + a2(t)δijdxidxj = −dt2 + a2(t)
[
dx2 + dy2 + dz2
]
, (2.5)
where xµ = (t, xi) and a is the scale factor.
The field equations (1.4) in a flat Universe are
H2 =
(
a˙
a
)2
=
8piG
3
ρ¯, (2.6)
a¨
a
= −4piG
3
(ρ¯+ 3p¯), (2.7)
where we use overbars to indicate the background density and pressure.
The energy conservation equation (or continuity equation) is
˙¯ρ = −3H(ρ¯+ p¯). (2.8)
Equations (2.6) and (2.7) also imply
H˙ ≡ a¨
a
−
(
a˙
a
)2
= −4piG(ρ¯+ p¯). (2.9)
9
 
 
 
 
We can also use conformal time (η) defined as
dη =
dt
a(t)
, (2.10)
accordingly to which the background metric can be written in the form
ds¯2 = a2(η)
[
− dη2 + δijdxidxj
]
= a2(η)
[
− dη2 + dx2 + dy2 + dz2
]
, (2.11)
where
g¯µν = a
2(η)ηµν ⇒ g¯µν = a−2(η)ηµν . (2.12)
Then equations (2.6) and (2.9) will be in the forms
H2 =
(
a′
a
)2
=
8piG
3
ρ¯a2, (2.13)
H′ = −4piG
3
(ρ¯+ 3p¯)a2, (2.14)
where a prime denotes d/dη, and
H ≡ a
′
a
= aH = a˙. (2.15)
We note that [6]
H′ =
(
a′
a
)′
=
a′′
a
−
(
a′
a
)2
= (aa˙)˙− a˙2 = a2(H˙ +H2). (2.16)
The continuity equation becomes
ρ¯′ = −3H(ρ¯+ p¯) ⇒ ρ¯′ = −3H(1 + w)ρ¯. (2.17)
We can also define the adiabatic speed of sound (cs) as
c2s ≡
˙¯p
˙¯ρ
=
p¯′
ρ¯′
. (2.18)
This is a background quantity. We note that for an adiabatic fluid, if w = const. then
c2s = w. (2.19)
In general we have
w′ =
ρ′
ρ
(c2s − w) = 3H(1 + w)(w − c2s). (2.20)
10
 
 
 
 
2.3 The Perturbed Universe
In cosmological perturbation theory, the metric of the perturbed FLRW Universe can
be written in the form
gµν = g¯µν + δgµν = a
2(ηµν + hµν), (2.21)
and its inverse is
gµν = a−2(ηµν − hµν), (2.22)
where hµν is the perturbation. We treat the perturbations (which are scaled by a
2)
as tensors on Minkowski spacetime [7].
Then we can define
hµν ≡ ηµρhρν and hµν ≡ ηµρηνσhρσ. (2.23)
hµν can be expressed as
[hµν ] =
[
−2φ +Bi
+Bi −2ψδij + 2Eij
]
, (2.24)
where ψ carries the trace of the perturbation hij. Eij is traceless so that
ψ = −1
6
hii, (2.25)
δijEij = 0. (2.26)
Consequently, the inverse of the perturbation hµν will be in the form
[hµν ] =
[
2φ +Bi
f +Bi 2ψδij − 2Eij
]
,
where lowering or raising the indices of Bi and Eij give the same value. Since for
scalar perturbations every 3-vector is a gradient [2], then
Bi = B,i. (2.27)
Also since every 3-tensor is a double gradient
Eij = E,ij. (2.28)
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Then the line element becomes [7]
ds2 = a2(η){−(1 + 2φ)dη2 + 2B,idηdxi + [(1− 2ψ)δij + 2E,ij]dxidxj}. (2.29)
See appendix A for a discussion of vector and tensor perturbations.
We will often use the Newtonian (or longitudinal) gauge, defined by
E = 0 = B. (2.30)
2.4 Gauge Transformations
We can link-up between points in our FLRW background and the perturbed space-
times using the coordinate system {xµ}, so that in any background coordinate system
there are other equivalent perturbed coordinate systems.
Taking that to GR perturbations, then gauge transformations represent a transform
of coordinate system (say xˆα and x˜α) in the perturbed spacetime. Then these coor-
dinates will be connected in the form
x˜α = xˆα + ξα, (2.31)
with the assumption that ξα lives in the background spacetime. For more convenience,
we illustrate the above explanation in Figure (2.2).
Mathematically, we can express the transformation coordinates of similar points in
the perturbed spacetime in the form
x˜α(P˜ ) = xˆα(P˜ ) + ξα, (2.32)
x˜α(Pˆ ) = xˆα(Pˆ ) + ξα, (2.33)
with a link up in the form
x˜α(P˜ ) = xˆα(Pˆ ) = xα(P¯ ). (2.34)
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Figure 2.2: Gauge transformation between background (left) and perturbed (right)
spacetimes (adapted from [2] and [8]).
Then from equations (2.32),(2.33) and (2.34) we conclude that in a given coordinate
system the coordinates of any two different points are in the form
xˆα(P˜ ) = xˆα(Pˆ )− ξα, (2.35)
x˜α(P˜ ) = x˜α(Pˆ )− ξα. (2.36)
In the FLRW background, we have various 4-scalar fields s¯, 4-vector fields ω¯α and
tensor fields A¯αβ , B¯αβ. So in the perturbed spacetime we should have correspondence
with quantities in the form
s = s¯+ δs, (2.37)
ωα = ω¯α + δωα, (2.38)
Aαβ = A¯
α
β + δA
α
β , (2.39)
Bαβ = B¯αβ + δBαβ. (2.40)
We are interested here in the case of 4-scalars (s).
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Logically, for a point in the perturbed spacetime we can’t indicate to a unique value
of the background quantity s¯ since in different gauges this point will be linked up
in the background with other points with different s¯ values. Also there is no unique
perturbation δs; it is gauge-dependent. In different gauges the perturbations will be
in the form
δ̂s(xα) = s(Pˆ )− s¯(P¯ ), (2.41)
δ˜s(xα) = s(P˜ )− s¯(P¯ ). (2.42)
We can relate s(p˜) and s(pˆ) in the form [2]
s(P˜ ) = s(Pˆ ) +
∂s
∂xˆα
(Pˆ )
[
xˆα(P˜ )− xˆα(Pˆ )
]
= s(Pˆ )− ∂s
∂xˆα
(Pˆ )ξα = s(Pˆ )− ∂s¯
∂xα
(P¯ )ξα,
(2.43)
where we used ∂s
∂xˆα
(P¯ ) ≈ ∂s¯
∂xα
(P¯ ), since they are second order small given the multi-
plication by ξα.
In the FLRW background, s¯ = s¯(η, xi) = s¯(η), so that
∂s¯
∂xα
(P¯ )ξα =
∂s¯
∂η
(P¯ )ξ0 = s¯′ξ0, (2.44)
and then
s(P˜ ) = s(Pˆ )− s¯′ξ0. (2.45)
Finally we define the gauge transform rule for δs in the form
δ˜s(xα) = s(Pˆ )− s¯′ξ0 − s¯(P¯ ) = δ̂s(xα)− s¯′ξ0. (2.46)
2.5 Perturbations in the Energy-Momentum Ten-
sor
We start with the background energy tensor, which is necessarily of the perfect fluid
form
T¯ µν = (ρ¯+ p¯)u¯µu¯ν + p¯g¯µν , (2.47)
T¯ µν = (ρ¯+ p¯)u¯
µu¯ν + p¯δ
µ
ν . (2.48)
Since the FLRW is our background Universe then the homogeneity will put the con-
straint
ρ¯ = ρ¯(η) and p¯ = p¯(η). (2.49)
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The isotropy also will put the constraint: the fluid is at rest so that
u¯i = 0⇒ u¯µ = (u¯0, 0, 0, 0). (2.50)
Since
u¯µu¯
µ = g¯µν u¯
µu¯ν = a2ηµν u¯
µu¯ν = −a2(u¯0) = −1, (2.51)
then we have [9]
u¯µ =
1
a
(1,~0) and u¯µ = a(−1,~0). (2.52)
For the perturbed Universe the energy tensor is
T µν = T¯
µ
ν + δT
µ
ν . (2.53)
The tensor perturbation has 10 degrees of freedom, 6 of them are physical and 4 are
gauge. It can also be divided into scalar + vector + tensor with 4 + 4 + 2 degrees
of freedom of which 2 + 2 + 2 are physical.
To distinguish betweeen these degrees of freedom, we keep using the assumption that
the perfect fluid degrees of freedom in δT µν are those keeping Tµν in the perfect fluid
form
T µν = (ρ+ p)u
µuν + pδ
µ
ν . (2.54)
Based on that, they can be taken as the density perturbation, pressure perturbation
and velocity perturbation in the form
ρ = ρ¯+ δρ , p = p¯+ δp , and ui = u¯i + δui. (2.55)
In contrast δu0 is not an independent degree of freedom because of the constraint
uµu
µ = −1. (2.56)
The velocity perturbation is defined by
vi =
dxi
dη
=
ui
u0
=
ui
u¯0
= aui. (2.57)
Since the ratio of change in comoving coordinate dxi to change in conformal time dη
equals the ratio of the corresponding physical distance adxi to the change in cosmic
time dt = adη then the velocity perturbation vi should also be equal to the fluid
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velocity observed by a comoving (which means xi = const.) observer.
Now we need to express uµ and uν in terms of vi so that
uµ = u¯µ + δuµ ≡ (a−1 + δu0, a−1v1, a−1v2, a−1v3), (2.58)
uν = u¯ν + δuν ≡ (−a+ δu0, δu1, δu2, δu3), (2.59)
where they are related by uν = gµνu
ν and uµu
µ = −1. Then with the metric (2.29)
we get after dropping any quantities that are higher than first order,
u0 = g0µu
µ = a2(−1− 2φ)(a−1 + δu0) + δija2Bia−1vj ,
= −a− a2δu0 − 2aφ. (2.60)
From that follows
δu0 = −a2δu0 − 2aφ, (2.61)
and likewise
δui = ui = giµu
µ = −aBi + avi, (2.62)
and
uµu
µ = −1− 2aδu0 − 2φ = −1⇒ δu0 = −1
a
φ. (2.63)
So for the 4-veclocity we have
uµ =
1
a
(1− φ, vi) and uµ = a(1− φ, vi +Bi). (2.64)
Inserting this in equation (2.54), we get
T µν = T¯
µ
ν + δT
µ
ν ,
=
[
−ρ¯ 0
0 p¯δij
]
+
[
−δρ (ρ¯+ p¯)(vi +Bi)
−(ρ¯+ p¯)vi δpδij
]
. (2.65)
2.6 Perturbed Conservation Equations
The field equation
Gµν = 8piGTµν , (2.66)
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where Gµν is the Einstein tensor, G is the Newton’s constant and Tµν is the total
energy-momentum tensor.
With Bianchi identities the above equation implies a local conservation of the total
energy and momentum so that [10]
∇µT µν = 0. (2.67)
We can extract from the first-order part of the time component of the continuity equa-
tion (2.67) a perturbed energy conservation equation in general gauge (by neglecting
the anisotropic stress and non-adiabatic pressure)
δρ′ + 3H(δρ+ δp)− 3(ρ+ p)ψ′ +∇2(ρ+ p)(v +B) = 0. (2.68)
The space component of equation (2.67) gives an evolution equation for the momen-
tum
[(ρ+ p)(v +B)]′ + (ρ+ p)φ+ δp+ 4H(ρ+ p)(v +B) = 0. (2.69)
In terms of Newtonian gauge (E = 0 = B) we get
δρ′ + 3H(δρ+ δp) = (ρ+ p)[3ψ′ −∇2v], (2.70)
[(ρ+ p)v]′ + δp = −(ρ+ p)[φ+ 4Hv]. (2.71)
2.7 Perturbations of the Curvature Tensor
Starting from Christoffel symbols
Γµαβ =
1
2
gµν [∂αgνβ + ∂βgνα − ∂νgαβ], (2.72)
we apply Newtonian gauge (E = 0 = B) on the general metric equation (2.29)
ds2 = a2(η)[−(1 + 2φ)dη2 + (1− 2ψ)δijdxidxj]. (2.73)
Then the Christoffel symbols are [1]
Γ000 =
a
′
a
+ φ
′
, Γ00k = φ,k , Γ
0
ij =
a
′
a
δij −
[
2
a
′
a
(φ+ ψ) + ψ
′
]
δij ,
Γi00 = φ,i , Γ
i
0j =
a
′
a
δjj − ψiδij , Γikl = −(ψ,lδik + ψ,kδil) + ψ,iδkl. (2.74)
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Therefore
Γ¯000 = H , Γ¯00k = 0 , Γ¯0ij = Hδij , Γ¯i00 = 0 , Γ¯i0j = Hδij , Γ¯ikl = 0 ,
and
δΓ000 = φ
′
, δΓ00k = φ,k , δΓ
0
ij = −[2H(φ+ ψ) + ψ
′
]δij ,
δΓi00 = φ,i , δΓ
i
0j = −ψ
′
δij , δΓ
i
kl = −(ψ,lδik + ψ,kδil) + ψ,iδkl . (2.75)
The Ricci tensor components are
Rµν = Γ
α
νµ,α − Γααµ,ν + ΓααβΓβνµ − ΓανβΓβαµ,
= R¯µν + δΓ
α
νµ,α − δΓααµ,ν + Γ¯ααβδΓβνµ + Γ¯βνµδΓααβ − Γ¯ανβδΓβαµ
−Γ¯βαµδΓανβ. (2.76)
These calculations give the components below
R00 = −3H′ + 3ψ′′ +∇2φ+ 3H(φ′ + ψ′). (2.77)
R0i = 2(ψ
′
+Hφ),i. (2.78)
Rij = (H′ + 2H2)δij
+[−ψ′′ +∇2ψ −H(φ′ + 5ψ′)− (2H′ + 4H2)(φ+ ψ)]δij
+(ψ − φ),ij. (2.79)
Now we want to get the contravarient components, so we need to raise an index to
get Rµν , but also we should remember that we cannot separately raise the index of
the background and perturbation parts, where
Rµν = g
µαRαν = (g¯
µα + δgµα)(R¯αν + δRαν) = R¯
µ
ν + δg
µαR¯αν + g¯
µαδRαν , (2.80)
then
R00 = 3a
−2H′ + a−2[−3ψ′′ −∇2φ− 3H¯(φ′ + ψ′)− 6H′φ]. (2.81)
R0i = −2a−2(ψ
′
+Hφ),i. (2.82)
Ri0 = −R0i = 2a−2(ψ
′
+Hφ),i. (2.83)
Rij = a
−2(H′ + 2H2)δij + a−2[−ψ
′′
+∇2ψ −H(φ′ + 5ψ′)− (2H′ + 4H2φ)]δij
+a−2(ψ − φ),i,j . (2.84)
18
 
 
 
 
Moreover, we can sum for the curvature scalar
R = R00 +R
i
0i,
= 6a−2(H′ +H2) + a−2[−6ψ′′ + 2∇2(2ψ − φ)− 6H(φ′ + 3ψ′)
−12(H′ +H2)φ] . (2.85)
The Einstein tensor will be then [1]
G00 = R
0
0 −
1
2
R,
= −3a−2H2 + a−2[−2∇2ψ + 6Hψ′ + 6H2φ]. (2.86)
G0i = R
0
i = G
0
i . (2.87)
Gij = R
i
j −
1
2
δijR,
= a−2(−2H′ −H2)δij + a−2[2ψ
′′
+∇2(φ− ψ) +H(2φ′ + 4ψ′) + (4H′ + 2H2φ)]δij
+a−2(ψ − φ),i,j . (2.88)
Since the background R¯µν and G¯
µ
ν are diagonal then the off-diagonal contain just the
perturbation so then we have:
R0i = G
0
i = δR
0
i = δG
0
i . (2.89)
2.8 Perturbed Field Equations
In general gauge we extract from the first order perturbed Einstein equations (2.4)
two constraint and two evolution equations from the (00),(0i) components and (i-j)
trace and tracefree components, respectively, in the form [7]
∇2ψ − 3H(ψ′ +Hφ) = 4piGa2δρ, (2.90)
ψ′ + Hφ = −4piGa2(ρ+ p)(v +B), (2.91)
ψ′′ + 2Hψ′ +Hφ′ + (2H′ +H2)φ = 4piGa2δp, (2.92)
ψ − φ = 0. (2.93)
In terms of Newtonian gauge (E = 0 = B) these become
∇2φ − 3H(φ′ +Hφ) = 4piGa2δρ, (2.94)
φ′ + Hφ = −4piGa2(ρ+ p)v, (2.95)
φ′′ + 3Hφ′ + (2H′ +H2)φ = 4piGa2δp. (2.96)
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2.9 Scalar Perturbations in Fourier Space
We can Fourier expand the perturbations in our flat background. Fourier expansion
for an arbitrary perturbation f = f(η, xi) = f(η, ~x) is usually expressed in the form
φ(x) =
∫
d3~ke−
~k·~xφk. (2.97)
Since perturbations of the first order have independent Fourier component evolution,
it is enough to study the progress of one Fourier component f˜ . We drop the tilde on f
for convenience. Then for any comoving coordinate ~x there is an equivalent comoving
wave vector ~k so that with a comoving wave number k = |~k| and wavelength λ = 2pi/k
we can express a physical wavelength in Fourier space in the form
kph =
pi
λph
=
pi
aλ
=
k
a
, λph = aλ. (2.98)
The physical meaning of that is as the Universe expands, for a Fourier mode k, the
wavelength λph grows in time. In Fourier space the special partial derivative becomes
a multiplication by the wave vector
∂
∂xi
−→ iki, ∇2 −→ −k2. (2.99)
The perturbation equations in real space are partial differential equations. In the
Fourier space they became ordinary differential equations in time, for each indepen-
dent Fourier mode.
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Chapter 3
Dynamics of Interacting Fluids
In this part, we work on the general case of dark energy fluids, without any anisotropic
stress (σ = 0), which interact with dark matter. We present a gauge-invariant for-
malism for the study of scalar perturbations.
3.1 Background
For a mixture of fluids, we have T µνA for each fluid, where A = 1, 2..., and hence
T µνA = (ρA + pA)u
µ
Au
ν
A + pAg
µν . (3.1)
Then Einstein field equations are
Gµν + Λgµν = T µν =
∑
A
T µνA , (3.2)
⇒ ∇ν(Gµν + Λgµν) ≡ 0⇒ ∇νT µν = 0, (3.3)
which represents the conservation of the energy-momentum for the total fluid.
We apply the conservation above in two cases, interacting and non-interacting fluids
as follows:
1. Non-interacting fluids.
This case is represented by equation (2.67). The non-interacting fluids may interact
only gravitationally, e.g., matter and radiation in the standard cosmology.
2. Interacting fluids, for which
∇νT µνA = QµA, (3.4)
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where QµA is the rate of energy-momentum transfer to fluid A.
We are interested in a Universe with interactions in the dark sector:
∇νT µνc = Qµc , (3.5)
∇νT µx = Qµx, (3.6)
⇒ Qµc +Qµx = 0. (3.7)
In the background
u¯µc = u¯
µ
x = u¯
µ = δµ0 . (3.8)
Then equations (3.5) and (3.6), respectively, give
˙¯ρc + 3Hρ¯c = Q¯c, (3.9)
˙¯ρx + 3H(1 + w)ρ¯x = Q¯x, Q¯x = −Q¯c. (3.10)
In the background there is only energy exchange, given by
Q¯µc = (Q,~0) = −Q¯µx. (3.11)
The background equations of our FLRW Unvierse are
H2 =
8piG
3
ρ¯, (3.12)
H˙ = −4piG(ρ¯+ p¯), (3.13)
where ρ and p represent here the total energy density and pessure
ρ¯ =
∑
A
ρ¯A, p¯ =
∑
A
p¯A. (3.14)
The energy balance equation for each fluid follows from equation (3.4) as
˙¯ρA = −3H(ρ¯A + p¯A) + Q¯A. (3.15)
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3.2 Perturbations
In this part we follow references [11,12,13,14].
From section (2.5), the fluid 4-velocities are
uµA = a
−1(1− φ, ∂ivA), (3.16)
uAµ = a(−1− φ, ∂i[vA +B]), (3.17)
where vA represents the peculiar velocity potential. To generalise the Newtonian
relation θ = ~∇.~v, we use the volume expansion
θA = −k2(vA +B). (3.18)
The total 4-velocity is
uµ = a−1(1− φ, ∂iv). (3.19)
Relative to the total 4-velocity uµ we can divide QµA into the following parts :
QµA = QAu
µ + F µA, (3.20)
QA = Q¯A + δQA, (3.21)
uµF
µ
A = 0. (3.22)
QA is the energy density transfer rate and F
µ
A is the momentum density transfer rate,
both relative to uµ, with
F µA = a
−1(0, ∂ifA), (3.23)
where fA represents the gauge-invariant momentum transfer potential.
We choose zero momentum flux of the A-fluid relative to uµA by taking u
µ
A as the
energy-frame 4-velocity, and we make the same choice for the total 4-velocity. Thus
T µAνu
ν
A = −ρAuµA, (3.24)
T µν u
ν = −ρuµ. (3.25)
The energy-momentum tensor for fluid A will be
T µAν = (ρA + pA)u
µ
Au
A
ν + pAδ
µ
ν , (3.26)
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where
ρA = ρ¯A + δρA, (3.27)
pA = p¯A + δpA. (3.28)
We can see from the total conserved energy-momentum tensor that
(ρ+ p)uµuν + pδ
µ
ν + q
µuν + qνu
µ =
∑
A
(ρA + pA)u
µ
Au
A
ν +
∑
A
pAδ
µ
ν , (3.29)
where qµ represents the total momentum flux relative to the total 4-velocity uµ. It
follows that
ρ =
∑
A
ρA, p =
∑
A
pA, (3.30)
q0 = 0, qi =
∑
A
(ρA + pA)∂
ivA − (ρ+ p)∂iv. (3.31)
Since (qi = 0) we find
(
∑
A
ρ¯A +
∑
A
p¯A)v =
∑
A
(ρ¯A + p¯A) vA, (3.32)
which defines v in equation (3.19).
Equations (3.16),(3.17),(3.20),(3.21),(3.22) and (3.23) lead to
QA0 = −a[Q¯A(1 + φ) + δQA], (3.33)
QAi = a∂i[Q¯A(v +B) + fA]. (3.34)
The first equation defines a perturbed energy transfer consisting of the metric per-
turbation term Q¯Aφ and perturbation δQA. The second one defines a perturbed
momentum transfer consisting of the intrinsic momentum transfer potential (fA) and
the momentum transfer potential Q¯A(v + B) caused by transport of energy in the
direction of the total velocity v. The total energy-momentum transfer is zero :
0 =
∑
Q¯A =
∑
δQA =
∑
fA. (3.35)
Now we are ready to provide our perturbed interaction.
The perturbed energy and momentum equations (2.68) and (2.69) for the non-interacting
case now acquire extra terms for the perturbed interaction [13]. In Newtonian gauge:
δρ′A + 3H(δρA + δpA)− 3(ρA + pA)φ′ − k2(ρA + pA)vA = aQAφ+ aδQA, (3.36)
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[(ρA + pA)vA]
′ + 4H(ρA + pA)vA + (ρA + pA)φ+ δpA = aQAv + afA. (3.37)
In terms of the dimensionless density perturbaion
δA =
δρA
ρ¯A
, (3.38)
equations (3.36) and (3.37) become
δ′A + 3H(c2eff,A − wA)δA − (1 + wA)k2vA − 3H[3H(1 + wA)(c2eff,A − wA) + w′A]vA
− 3(1 + wA)φ′ = aQA
ρA
[
φ− δA − 3H(c2eff,A − wA)vA
]
+
a
ρA
δQA. (3.39)
v′A +H(1− 3c2eff,A)vA +
c2eff,A
(1 + wA)
δA + φ =
a
(1 + wA)ρA
[
QA[v − (1 + c2eff,A)vA] + fA
]
(3.40)
where ceff,A is the physical sound speed. For an adiabatic fluid
ceff,A = csA, (3.41)
where ceff,A is the physical sound speed, defined as δpA/δρA in the rest frame [13].
For a non-adiabatic fluid, ceff,A 6= csA.
In the comparison between theory and observational parts of dark energy models, it
is useful to use the equation of state parametrization and model DE as a fluid. The
simplest case then is to take wx ≡ w = const, called wCDM, as a generalization of
ΛCDM.
Any wCDM fluid model at the first glance is an adiabatic model. But with dark energy
as adiabatic fluid model, we get an imaginary sound speed csx since c
2
sx = w < 0. To
avoid these problems [13] we need to take c2eff,x > 0, i.e. the physical speed is not the
adiabatic sound speed.
Here we will take
ceff,x = 1, (3.42)
i.e. the same value as scalar field dark matter [13].
Finally, the perturbed fluid field equations (2.94),(2.95) and (2.96) are
∇2φ− 3H(φ′ +Hφ) = 4piGa2ρδ, (3.43)
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φ′ +Hφ = −4piGa2(ρ+ p)v, (3.44)
φ′′ + 2Hφ′ +Hφ′ + (2H′ +H2)φ = 4piGa2δp. (3.45)
Here δ, v and δp refer to the total fluid. In particular
ρδ = ρbδb + ρcδc + ρxδx. (3.46)
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Chapter 4
A Simple Model of Interacting
Dark Energy: Background
Dynamics
The recent cosmological obsevations emphasize the requirement for nonbaryonic cold
dark matter (CDM) for galaxies to grow, and for dark energy (DE) to produce a
late-time acceleration of the Universe.
The standered models of DE do not include an interaction with CDM. Here we in-
troduce such an interaction, which will affect the dynamics of the Universe.
For our flat FLRW background Universe, after the recombination, the energy balance
equations (3.9) and (3.10) can be formulated for cases of radiation (r), baryonic matter
(b), cold dark matter (c) and dark energy (x) as
˙¯ρr = −4Hρ¯r, (4.1)
˙¯ρb = −3Hρ¯b, (4.2)
˙¯ρc = −3Hρ¯c + Q¯c, (4.3)
˙¯ρx = −3H(1 + w)ρ¯x + Q¯x, Q¯x = −Q¯c, (4.4)
where Q¯A is the rate of energy density transfer, with Q¯x > 0 indicating the direction
of energy transfer from dark matter to dark energy, whereas Q¯x < 0 indicates energy
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transfer from dark energy to dark matter. The dark sector then will interact only
gravitationally with baryons and radiation.
The Friedmann equations are
H2 =
8piG
3
(ρ¯b + ρ¯c + ρ¯r + ρ¯x) ⇔ Ωc + Ωb + Ωr + Ωx = 1, (4.5)
H˙ = −4piG[4
3
ρ¯r + ρ¯b + ρ¯c + (1 + w)ρ¯x]. (4.6)
Now we need to specify a model for the dark sector interaction in the background.
There is no fundamental theory yet to predict the interaction [12]. We need to
introduce a phenomenological model of transfer. An example is the phenomenolgical
model
Q¯x = H(αcρ¯c + αxρ¯x), (4.7)
where αc and αx are dimensionless constants. A more satisfactory phenomenological
model of energy transfer is the one introduced in [12]
Q¯x = Γcρ¯c + Γxρ¯x, (4.8)
where Γc,x are the CDM and DE interaction rate constants.
In this thesis we focus on the special case Γc = 0 which is also studied in [15]. The
other case Γx = 0 has been studied in detail (e.g.[16]). So from now on we write
Γx ≡ Γ.
In this case
Q¯x = −Q¯c = Γρ¯x, (4.9)
where
Γ > 0 ⇒ the interaction is energy transfer from DM to DE,Γ < 0 ⇒ the interaction is decay of DE to DM.
The strength of the interaction is determined by value of |Γ|. We expect |Γ| < H0 in
order to avoid too strong an effect from the interaction.
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We neglect the radiation component since our model investigates the late Universe.
So our background interacting system will be
˙¯ρb = −3Hρ¯b, (4.10)
˙¯ρc = −3Hρ¯c + Q¯c, (4.11)
˙¯ρx = −3H(1 + w)ρ¯x + Q¯x, (4.12)
H˙ = −4piG(ρ¯b + ρ¯c + ρ¯x(1 + w)). (4.13)
Using the dimensionless density ΩA (see equation (4.5)) we re-write the above equa-
tions in terms of ΩA as a function of the scale factor
dΩb
da
=
3
a
wΩbΩx, (4.14)
dΩc
da
=
3
a
wΩcΩx −
(
Γ
H0
)(
Ωx
ah
)
, (4.15)
dΩx
da
= −3
a
wΩx(Ωb + Ωc) +
(
Γ
H0
)(
Ωx
ah
)
, (4.16)
dh
da
= −3h
2a
(1 + wΩx), (4.17)
where
h =
H
H0
, (4.18)
is the dimensionless Hubble rate.
We numerically integrate the background equations above, with
Γ = 0.3H0, (4.19)
Ωb0 = 0.05, Ωc0 = 0.23, Ωx0 = 0.72. (4.20)
We integrate backward from a0 = 1 at present until a = 10
−2, i.e. until redshift
of z = 1
a
− 1 = 99. This will then allow us to integrate the perturbation equa-
tions forward in time, with the correct background values at a = 10−2. Then with
w = constant = −0.9 we find the results in Figure (4.1).
Since Γ > 0, energy is transferred from DM to DE - thus there must be more DM in
the past in order to achieve Ωc0 = 0.23. This can be seen in Figure (4.1).
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Figure 4.1: Background evolution.
The solution of (4.12) for ρx can be found as follows:
multiplying by exp
∫
[3H(1 + w)− Γ]dt one obtains[
a3(1+w)e−Γt
]
ρ¯x = C, (4.21)
where C is the integration constant. With the initial conditions a0 = 1 at t = t0, we
find
ρ¯x = ρ¯x0a
−3(1+w)eΓ(t−t0). (4.22)
Clearly Γ > 0 leads to exponential growth in the DE density. This means that
eventually the DM density will became negative. Thus the model is only valid while
ρ¯c > 0, and then it breaks down. We require ρ¯c > 0 for a ≤ a0 = 1, which holds
provided Γ/H0 is not too large. With large Γ > 0 eventually ρ¯c becomes negative. So
if ρ¯c < 0 at a < 1 then our model breaks down.
The constraint Γ/H0 ≤ 1 ensures that ρ¯c only becomes negative in the future (a > 1).
This is illustrated in Figure [4.2].
The evolution of the dimensionless Hubble parameter h shows that H is close to 103
at a = 10−2. See Figure (4.3).
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Figure 4.2: Γ = 0.3H0 (left) and 1.0H0 (right), showing how Ωc becames negative at
a > 1.
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Figure 4.3: Evolution of the dimensionless Hubble parameter h = H/H0 in the back-
ground.
32
 
 
 
 
Chapter 5
A Simple Model of Interacting
Dark Energy: Perturbations
In our model of interacting DE the negative sign of the rate of energy density transfer
to dark matter (Q¯c) implies that the direction of the energy transfer is from DM to
DE.
The perturbed energy transfer is determined by perturbations of ρx, i.e.
Qx = Γρx = Γρ¯x(1 + δx) = −Qc. (5.1)
This means that we treat Γ as a constant, with no perturbations.
Momentum transfer can only vanish in one frame. There are two natural choices
leading to two models. In the first model, momentum transfer vanishes in the CDM
frame. Therefore the energy-momentum transfer 4-vector is parallel to the CDM
4-velocity
Qµc = −Γρ¯x(1 + δx)uµc = −Qµx. (5.2)
In the second model, momentum transfer vanishes in the dark energy frame, i.e. the
energy momentum transfer 4-vector is parallel to the dark energy 4-velocity:
Qµc = −Γρ¯x(1 + δx)uµx = −Qµx. (5.3)
We investigate the growth of structure in each case separately. The background
evolution for Γ = 0.3H0, w = −0.9 is shown in Figure (5.1) for convenience.
In [16], it is shown that an instability in the DE velocity leads to an instability in the
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Figure 5.1: Background evolution for w = constant = −0.9.
DM and DE density perturbations:
− Γ
1 + w
> 0 ⇒ instability. (5.4)
We avoid this instability:
w > −1 and Γ > 0 ⇒ no instability. (5.5)
5.1 Model with No Momentum Transfer in the
CDM Frame
In this model with equations (3.11),(3.16),(3.17) and (4.8) we extract the expressions
δQµx = −Qµc = aΓρ¯x
[
1 + φ+ δx, ∂i(vc +B)
]
, (5.6)
δQx = Γρ¯xδx = −δQc. (5.7)
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Also from equations (3.16),(3.17),(3.19),(3.23),(3.33) and (3.34) we provide in the
following steps an important result
Qµc = Qcu
µ
c ⇒
Q
0
c = Qcu
0
c ⇔ Q¯c(1− φ) + δQc = (Q¯c + δQc)(1− φ),
Qµc = Qcu
µ
c ⇔ a−1∂i(fc + Q¯cv) = a−1Q¯c[∂ivc].
(5.8)
These equations imply
a−1fc + a−1Q¯cv = a−1Q¯cvc, (5.9)
Q¯c(1− φ) + δQc = Qc(1− φ) + δQc. (5.10)
Thus
fc = Q¯c(vc − v) = −Q¯x(vc − v) = −fx. (5.11)
Now we introduce
wb = 0 = wc, wx = w = constant, csb = 0 = csc, ceff,x = 1. (5.12)
Then equations (3.39) and (3.40) give
δ′b − k2vb − 3φ′ = 0, (5.13)
δ′c − k2vc − 3φ′ = aΓ
(
ρ¯x
ρ¯c
)
(δc − δx − φ), (5.14)
δ′x + 3H(1− w)δx − (1 + w)k2vx − 9H2(1− w2)vx
− 3(1 + w)φ′ = aΓ
[
φ− 3H(1− w)vx
]
, (5.15)
v′c + Hvc + φ = 0, (5.16)
v′x − 2Hvx +
δx
(1 + w)
+ φ =
aΓ
(1 + w)
(vc − 2vx), (5.17)
v′b + Hvb + φ = 0. (5.18)
We notice that baryons and DM have the same velocity evolution equations, therefore
they have the same velocity: vb = vc ≡ v.
We now define the dimensionless velocity perturbation and Fourier mode as
uA = vAH0, (5.19)
l =
k
H0
. (5.20)
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Then equations (3.43) and (5.13) to (5.18) can be written in dimensionless variables
as:
du
da
= − u
a
− φ
a2h
, (5.21)
dux
da
=
2
a
ux − δx
a2h(1 + w)
− φ
a2h
+
Γ
H0
(
u− 2ux
ah(1 + w)
)
, (5.22)
dδb
da
=
l2
a2
(u
h
)
− 3
a
φ− 9
2
h
[
(Ωb + Ωc)u+ ux(1 + w)Ωx
]
, (5.23)
dδc
da
=
l2
a2
(u
h
)
− 3
a
φ− 9
2
h
[
(Ωb + Ωc)u+ ux(1 + w)Ωx
]
+
Γ
H0
(
Ωx
Ωc
δc
a h
)
− Γ
H0
(
Ωx
Ωc
φ
ah
)
− Γ
H0
(
δx
a h
Ωx
Ωc
)
, (5.24)
d δx
da
= − 3
a
(1− w) δx + (1 + w)
[ l2
a2
ux
h
− 3
a
φ
− 9
2
h ((Ωb + Ωc) u+ Ωx(1 + w) ux)
]
+ 9 h (1− w2) ux + Γ
H0
(
φ
a h
)
− 3 Γ
H0
(1− w) ux, (5.25)
dφ
da
= − φ
a
− 3
2
h
[
(Ωb + Ωc) u+ Ωx (1 + w) ux
]
. (5.26)
The numerical solution for the total interaction system [background equations (4.14)
to (4.17) and perturbation equations (5.21) to (5.26)], both normalised to current
values of
Ωb0 = 0.05, Ωc0 = 0.23, Ωx0 = 0.72, (5.27)
with initial conditions at a = 10−2:
δci = δbi = 10
−4, δxi = 10−6, uci = ubi = 5.9× 10−8, uxi = 4.2× 10−8,
φi = −1.5× 10−5, (5.28)
and
Γ = 0.3H0, w = −0.9. (5.29)
The results are shown in Figures (5.2) to (5.6) on sub-Hubble scales:
k
aiHi
= 10, (5.30)
and in Figures (5.7) to (5.15) on super-Hubble scales:
k
aiHi
= 0.1. (5.31)
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The perturbed velocity of DM grows until DE dominates the background expansion
whereas the DE velocity decays away. The interaction suppresses the matter velocity
but has very little impact on the DE velocity. The suppression of velocity follows
from the suppression of φ.
The density perturbations of DM grows more than the baryon perturbations because
there was more CDM in the past relative to the non-interaction case. DE density
perturbations started with oscillations at early times and then grow as DE starts
to dominate the background. The gravitational potential does not change initially
but then starts to grow as DE starts to dominate the background. The potential is
constant while matter dominates, but changes with DE starts to domiate.
In matter domination
δp = 0, and 2H′ +H2 = 0. (5.32)
Then equation (2.96) shows that the potential satisfies the equation
φ′′ + 3Hφ′ = 0, (5.33)
with solution
φ = φi +
C
a3
, (5.34)
where φi and C are constants. The C mode is decaying and can be neglected. Thus
φ = φi = constant. (5.35)
In Figure (5.6) we see that φ would be flat if ρx = 0. Γ > 0 increases growth of δc
and so the effect of DE is weaker than in the case of Γ = 0. Therefore the potential
is suppressed.
Negative Γ
For the case of negative Γ there is an instability: see equation (5.4). As |Γ| inecreases,
the blow-up starts latter. See Figures (5.12) and (5.13).
This follows because a stronger interaction, i.e. a larger |Γ| causes a stronger sup-
pression of ρ¯x (see equation (4.22)). However the strength of the instability is greater
as |Γ| increases.
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An interesting point to note is the positive values of the gravitational potential Φ
during the blow-up. See Figures (5.14) and (5.15). It starts negative and then be-
comes positive since the perturbations of the DM becomes negative. That clearly can
be understood with equation (3.43).
A more interesting point is that we cannot find blow-up in the perturbations on
sub-Hubble scales.
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Figure 5.2: Baryonic Matter and CDM density perturbations (sub-Hubble).
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Figure 5.3: DE density perturbations (sub-Hubble).
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Figure 5.4: Total Matter, CDM and Baryonic Matter density perturbations (sub-
Hubble).
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Figure 5.5: Baryonic Matter, CDM and DE velocities (sub-Hubble).
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Figure 5.6: The gravitationl potential (sub-Hubble).
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Figure 5.7: Baryonic Matter and CDM density perturbations (super-Hubble).
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Figure 5.8: DE density perturbaions (super-Hubble).
41
 
 
 
 
10-2 10-1 100
a
10-4
10-3
δ
m
δm , Γ =0.3H0
δb ,
,,
δc ,
,,
Figure 5.9: Total Matter, CDM and Baryonic Matter density perturbations (super-
Hubble).
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Figure 5.10: Baryonic Matter, CDM and DE velocities (super-Hubble) .
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Figure 5.11: The gravitationl potential (super-Hubble).
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Figure 5.12: Negative CDM and DE density perturbations for Γ = −0.38H0 (super-
Hubble).
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Figure 5.13: Blow-up in CDM and DE density perturbations for Γ = −0.65H0 (super-
Hubble).
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Figure 5.14: The gravitational potential for Γ = −0.38H0 (super-Hubble).
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Figure 5.15: The gravitational potential for Γ = −0.65H0 (super-Hubble).
5.2 Model with No Momentum Transfer in the DE
Frame
In this model we have Qµx = Qxu
µ
x. Then equation (5.11) will become
fc = Q¯c(vx − v) = −Q¯x(vx − v) = −fx. (5.36)
Because δQx is unchanged, the density perturbaion and the gravitational potential
equations are the same as for the Qµc model of section 5.1. Thus the numerical results
for the density perturbaions and the gravitational potential in this model are the
same as the Qµc model of section 5.1 (see Figures (5.16),(5.17),(5.21),(5.22),(5.23) and
(5.27)). However, the difference in fx means that the velocity perturbation equations
are different. By equation (3.40) we have
v′c + Hvc + φ = aΓ
(
ρ¯x
ρ¯c
)
(vc − vx), (5.37)
v′x − 2Hvx +
δx
(1 + w)
+ φ = − aΓvx
(1 + w)
. (5.38)
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In the dimensionless variables of section 5.1, we find
dub
da
= − ub
a
− φ
a2h
, (5.39)
duc
da
= − uc
a
− φ
a2h
+
Γ
H0
(
Ωx
Ωc
1
ah
)
(uc − ux), (5.40)
dux
da
= 2
ux
a
− δx
a2h(1 + w)
− φ
a2h
− Γ
H0
(
ux
ah(1 + w)
)
, (5.41)
dδb
da
=
l2
a2
(ub
h
)
− 3φ
a
− 9
2
h
[
Ωbub + Ωcuc + ux(1 + w)Ωx
]
, (5.42)
dδc
da
=
l2
a2
(uc
h
)
− 3φ
a
− 9
2
h
[
Ωbub + Ωcuc + ux(1 + w)Ωx
]
+
Γ
H0
(
Ωx
Ωc
δc
ah
)
− Γ
H0
(
Ωx
Ωc
φ
ah
)
− Γ
H0
(
δx
ah
Ωx
Ωc
)
, (5.43)
dδx
da
= − 3
a
(1− w)δx + (1 + w)
[ l2
a2
(ux
h
)
− 3φ
a
− 9
2
h (Ωbub + Ωcuc + Ωx(1 + w)ux)
]
+ 9h(1− w2)ux + Γ
H0
(
φ
ah
)
− 3 Γ
H0
(1− w)ux, (5.44)
dφ
da
= − φ
a
− 3
2
h
[
Ωbub + Ωcuc + Ωx(1 + w)ux
]
. (5.45)
The uc equation now has a source term
Γ
Ω¯x
Ω¯c
(uc − ux). (5.46)
The ub equation is unchanged and has no source term. Therefore the CDM and
baryon velocities will not be equal in this model. This is illustrated in Figures
(5.18),(5.19),(5.20),(5.24),(5.25) and (5.26).
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Figure 5.16: Baryonic Matter and CDM density perturbations (sub-Hubble).
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Figure 5.17: DE density perturbations (sub-Hubble).
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Figure 5.18: Total Matter, CDM and Baryonic Matter velocities (sub-Hubble).
10-2 10-1 100
a
0.0000002
0.0000000
0.0000002
0.0000004
0.0000006
0.0000008
0.0000010
0.0000012
0.0000014
0.0000016
u
m
,x
=
H
0
v
m
,x
uc , Γ =0
ux ,
,,
uc , Γ =0.3H0
ux ,
,,
Figure 5.19: CDM and DE velocities (sub-Hubble).
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Figure 5.20: Baryonic Matter and DE velocities (sub-Hubble).
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Figure 5.21: The gravitational potential (sub-Hubble).
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Figure 5.22: Baryonic Matter and CDM density perturbations (super-Hubble).
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Figure 5.23: DE density perturbations (super-Hubble).
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Figure 5.24: Total Matter, CDM and Baryonic Matter velocities (super-Hubble).
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Figure 5.25: CDM and DE velocities (super-Hubble).
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Figure 5.26: Baryonic Matter and DE velocities (super-Hubble).
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Figure 5.27: The gravitational potential (super-Hubble).
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5.3 Newtonian Approximation
We can neglect the change in the gravitational potential compared to matter density
perturbations on small cosmological scales, i.e. on sub-Hubble scales (Newtonian
regime) a/k  H−1 at which structure formation takes place [12]. Then the effect
of the high sound speed of the DE density perturbations means that we can neglect
these perturbations. In the model Qµx = Qxu
µ
c in the Newtonian regime (discard the
φ′ terms) we get from equation (3.43)(
k2
a2
)
φ = −4piG(ρ¯cδc + ρ¯bδb), (5.47)
v˙c = −Hvc − φ
a
, (5.48)
δ˙c =
k2vc
a
+ Γ
(
ρ¯x
ρ¯c
)
δc, (5.49)
we are using cosmic proper time. We can drive an equation for δc as follows [12].
First we differentiate equation (5.49) to get
δ¨c −
(
k2
a
)
v˙c +
(
H k2
a
)
vc − Γ ρ¯x
ρ¯c
δ˙c =
Γ
ρ¯c
{
ρ¯x − ρ¯x
ρ¯c
˙¯ρc
}
δc. (5.50)
From equations (4.1) we can write
˙¯ρx −
(
ρ¯x
ρ¯c
)
˙¯ρc = Γρ¯x − 3Hwρ¯x + Γ
(
ρ¯2x
ρ¯c
)
. (5.51)
Substituting equation (5.51) and equations (5.49) into (5.50) yields
δ¨c + 2 H
{
1−
(
Γ
2 H
)(
ρ¯x
ρ¯c
)}
δ˙c +
(
k2
a2
)
φ − H2
(
Γ
H
)(
ρ¯x
ρ¯c
)
×{
2− 3 w +
(
Γ
H
)(
1 +
(
ρ¯x
ρ¯c
))}
δc = 0. (5.52)
If we substitute equation (3.43) in equation (5.49) and Friedmann equation (1.4) into
equation (5.52) we get
δ¨c + 2H
{
1−
(
Γ
2H
)(
ρ¯x
ρ¯c
)}
δ˙c − 4 pi G
{
ρ¯c
[
1 +
(
2
3a
)(
Γ
H
)(
ρ¯x
ρ¯c
)
× {2− 3w +
(
Γ
H
)(
1 +
ρ¯x
ρ¯c
)
}
]
δc + ρ¯bδb
}
= 0. (5.53)
From equation (5.53) above, we find a disagreement with [12] in their equation (37)
regarding the factor of (1/2) written in bold.
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The effect of the interaction on the growth of density perturbaions may be summarized
in 2 contributions
1. Modify the Hubble term H −→ H (1− Γρ¯x/2Hρ¯c).
2. Modify the effective Newtonian constant for the DM case to be in the form:
Geff
G
= 1 +
(
2
3 a
)(
Γ
H
)(
ρ¯x
ρ¯c
){
2− 3 w +
(
Γ
H
)(
1 +
ρ¯x
ρ¯c
)}
. (5.54)
5.4 The Case w = −1
In [16] w = −1 is excluded because of the singularity in the perturbation equations
(5.39) to (5.45). We can avoid this singularity by rearranging the equations. We
multiply the DE velocity evolution equation in (5.41) by ( 1+w) and then set (1+w)
to 0 to get
ux = − Γ
aH0
δx. (5.55)
Then we substitute the value of w = −1 in the DE density evolution equation (5.44)
to get
dδx
da
= −6
a
δx +
Γ
H0
1
h
[φ
a
− 6hux
]
. (5.56)
Then we solve these numerically with the interaction system of equations (5.39),(5.40),
(5.42),(5.43) and (5.45) with the same previous initial conditions at w = −1.
For Γ < 0, we find no instability: see Figures (5.28) to (5.31). However Γ > 0 leads
to an instability: see Figures (5.32) and (5.33). Thus we can extend the instability
conditions (5.4) and (5.5) to the w = −1 case:
w = −1, Γ > 0 ⇒ instability, (5.57)
w = −1, Γ < 0 ⇒ no instability. (5.58)
We get the results in Figures (5.28) to (5.38).
For Γ = −0.3H0: from equation (5.55) we see ux is proportional to δx and as a
increases then δx decreases. It follows that ux decreases rapidly. We can see at
late times δx and uc start to grow. The gravitational potential almost has the same
formation as in the original case.
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For Γ = 0.111709H0 blow-up in CDM density perturbation on both sub-Hubble and
super-Hubble scales, as in Figures (5.31) and (5.34). We also find a negative CDM
density at a > 1 as in Figure (5.37).
10-2 10-1 100
a
10-4
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δ
m
δb , Γ =−0.3H0
δc ,
,,
Figure 5.28: Baryonic Matter and CDM density perturbations for w = −1 (sub-
Hubble).
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Figure 5.29: DE density perturbations for w = −1 (sub-Hubble).
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Figure 5.30: Baryonic Matter, CDM and DE velocities for w = −1 (sub-Hubble).
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Figure 5.31: The gravitatioanl potential for Γ = −0.3H0 and w = −1 (sub-Hubble).
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Figure 5.32: Blow-up in CDM density perturbation for w = −1 (sub-Hubble) .
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Figure 5.33: DM and DE velocities for w = −1 (sub-Hubble).
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Figure 5.34: The gravitational potential for w = −1 and Γ = 0.111709H0 (sub-
Hubble).
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Figure 5.35: Blow-up in CDM density perturbation for w = −1 (super-Hubble).
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Figure 5.36: DM and DE velocities for w = −1 (super-Hubble).
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Figure 5.37: The gravitational potential for Γ = 0.111709H0 and w = −1 (super-
Hubble).
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Figure 5.38: Γ = 0.111709H0 for w = −1 shows how Ωc becames negative at a > 1.
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5.5 Variable w Model. I
Now we consider w as a function of the scale factor (a). The simplest case is a linear
function
w(a) = w0 + wa (1− a),
= −wa a+ (w0 + wa). (5.59)
See Figure (5.39) for w(a). Since the values of a starts from 0.01 up to 1.0 we can
take w0 + wA = 0, wa = 0.9 so that w is nearly zero initially. Thus we take
w = −0.9 a. (5.60)
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w
w(a) =−0.9 a
Figure 5.39: The linear function w(a) = −0.9 a .
The background evolution is shown in Figure (5.40). When we apply this modification
to the Qµx = Qxu
µ
c model on sub-Hubble scales, we get the results in Figures (5.41)
to (5.44).
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Evolution of the DM and DE dimensionless energy density.
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Figure 5.40: The background evolution for w = −0.9 a .
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Figure 5.41: Baryonic Matter and DE density perturbations for w = −0.9a.
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Figure 5.42: CDM and DE density perturbations for w = −0.9a.
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Figure 5.43: Baryonic Matter, CDM and DE velocities for w = −0.9a.
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Figure 5.44: The gravitational potential for w = −0.9a.
For the Qµx = Qxu
µ
x model on sub-Hubble scales, we find the results shown in Figures
(5.45) to (5.49):
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Figure 5.45: Baryonic Matter and CDM density perturbations for w = −0.9a.
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Figure 5.46: DE density perturbations for w = −0.9a.
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Figure 5.47: Baryonic Matter and DE velocities for w = −0.9a.
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Figure 5.48: CDM and DE velocities for w = −0.9a.
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Figure 5.49: The gravitational potential for w = −0.9a.
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We notice that the gravitational potential evolves much more rapidly than in the
w = constant models.
5.6 Variable w Model. II
A more realistic model for w(a) is one which evolves more smoothly from nearly 0 at
early times to nearly -1 at late times. We choose a hyberbolic tangent shape
w = A+B tanh[α(a− C)], (5.61)
where A,B,C and α are parameters. C determines where the transition takes place:
we choose C = 1
2
. For w = −1 at a = ∞, and w = 0 at a = 0, we choose
A = B = −0.5. Finally we fix α by requiring w = −0.9 at a = 1. Then α = 2.2. This
gives
w = −0.5− 0.5 tanh[2.2(a− 0.5)]. (5.62)
See Figure (5.50) for w(a). The background evolution shown in Figure (5.51).
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w(a)=-0.5-0.5tanh(2.2(a-0.5))
Figure 5.50: The function w(a) = −0.5− 0.5 tanh[2.2(a− 0.5)] .
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Figure 5.51: The background evolution for w(a) given by equation (5.62).
For the Qµx = Qxu
µ
c model we get the results shown in Figures (5.52) to (5.55) on
sub-Hubble scales:
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Figure 5.52: Baryonic Matter and CDM density perturbations for w given by equation
(5.62).
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Figure 5.53: DE density perturbations for w given by equation (5.62).
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Figure 5.54: Baryonic Matter,CDM and DE velocities for w given by equation (5.62).
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Figure 5.55: The gravitatioanl potential for w given by equation (5.62).
For the Qµx = Qxu
µ
x model on sub-Hubble scales we find the results shown in Figures
(5.56) to (5.60):
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Figure 5.56: Baryonic Matter and CDM density perturbations for w given by equation
(5.62).
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Figure 5.57: DE density perturbations for w given by equation (5.62).
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Figure 5.58: Baryonic Matter and DE velocities for w given by equation (5.62).
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Figure 5.59: CDM and DE velocities for w given by equation (5.62).
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Figure 5.60: The gravitational potential for w given by equation (5.62)
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Chapter 6
Conclusions
In this thesis we have studied the scalar perturbation theory in cosmology and have
employed it to investigate the growth of structure in the current Universe using an
elegant model of interacting dark energy.
In Chapter 1 we introduced the idea of cosmological principle and how it is embedded
into background spacetime, the components of the Universe and how it dominates
during the history of the Universe.
In Chapter 2 we gave the detailed description of the scalar perturbations theory defin-
ing their concepts in cosmology in terms of background and perturbed background
models.
In Chapter 3 we provided an alternative dynamics to the cosmological constant by
introducing a dynamics of fluid dark energy models with constant equation of state
parameter wx 6= −1. Interactions of the DE with DM models usually change the
evolution of the DM and also the formation of large scale structure such as galaxies
and cluster of galaxies. Those interactions could explain why DE comes to dominate
only after galaxy formation.
In Chapter 4 we analysed the dynamics of the background for an interacting DE fluid.
Then we described an interacting system between DM and DE model with balance
equations in general form presented in equations (4.1) to (4.4). Equation (4.8) ex-
presses this model as an interaction term proportional to a linear density combination
of the dark sector.
In Chapter 5 we illustrated the dynamics of the perturbations in our IDE model to
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investigate the growth of structure.
With a covariant 4-vector describing an interacting DE of the form:
Qµc = Qcu
µ
c and Q
µ
c = Qcu
µ
x,
Qc = Q¯c + δQc = −Γρ¯x(1 + δx), (6.1)
we investigate the background evolution and structure formation.
In the case of DM transfer to DE (Γ > 0), we find enhanced growth of matter density
perturbations due to more DM density in the past for the interaction case. For large
values of Γ > 0, we have ρc < 0 at a < 1. We avoided that using the observational
constraint Γ ≤ H0, so that ρc becomes negative only in the future.
In the case of DE transfer to DM (Γ < 0), the lower DM density in the past suppresses
the growth.
For (Γ < 0) there is an instability in the perturbations: gradually we see blow-up
mode in the perturbations. It is possible for the case of Γ < 0 to use w < −1 to avoid
instabilities.
In the case of energy-momentum transfer parallel to DE (Qµx = Qxu
µ
x), we get higher
velocity perturbations of the DM. The reason is at (Qµx = Qxu
µ
x) the DM receives
more momentum as shown in the first part of equation (5.37) compared to the first
part in equation (5.16) at (Qµx = Qxu
µ
c ) model, where that is reflected in more DM
velocity structure formation.
The mechanism of creating the interaction represents the cornerstone in enhancing or
suppressing the growth, where observations can be used to correct the mechanisms
of these interactions.
Interacting DE models can be tested against observations, using baryon acoustic os-
cillations, the growth rate of matter perturbations and weak lensing. Radio telescopes
like the Square Kilometre Array (SKA) and its pathfinders (LOFAR, MeerKAT,
ASKAP, etc.) can map the distribution of neutral hydrogen and can give us new
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data to constrain interacting DE, which will supplement the data from optical galaxy
surveys.
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Appendix A
A.1 Classification of the Metric Perturbations
In the perturbed universe we can split the line element into time-time part, time-
space part and space-space part in the form
ds2 = a2(η){−(1 + 2A)dη2 − 2Bidηdxi + [(1− 2D)γij + 2Eij]dxidxj}. (A.1)
Also we can split it further into three parts: scalar, vector and tensor.
A.2 Separation into Scalar, Vector, and Tensor
Perturbations
In the perturbaions of GR theory there are two modes for transforming the coordi-
nates:
First: gauge transformation (no change in the coordinates of the background, only
change in the coordinates of the perturbed spacetime).
Second: the one that we keep the gauge (fixed link up between the background and
the perturbed spacetime points, but transform the coordinates of the perturbed space-
time).
Practical point is the coordinate system of the background is chosen in a way that
coincides with the symmetries of the background. Moreover in cosmological pertur-
baion theory, the background coordinates are chosen in order to correspond with its
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homogeneity. Physically, that leaves us in two status [2]
1. always have homogeneous transformations for the coordinates of the time (like the
switching from the case of cosmic time to a conformal time).
2. the space cordinates in a transformations of the form:
xi
′
= X i
′
k x
k, (A.2)
where X i
′
k is time independent. But we want to keep our previous choice about the
coordinates of the FLRW background so that the 3-metric remain Euclidian
gij = a
2δij,
that leaves us in rotations. With that the rotations of the backgroud space is estab-
lished. Then, the transformation matrix will be [2]
Xµ
′
ρ =
[
1 0
0 X i
′
k
]
=
[
1 0
0 Ri
′
k
]
and Xµρ′ =
[
1 0
0 Ri
k′
]
.
The element Ri
′
k has the property that R
TR = I so that Ri
′
kR
i′
l = (R
TR)kl = δkl where
Ri
′
k is a rotation matrix. We can simply deduce: R
T = R−1 so that Ri
′
k = R
k
i′ .
Taking these coordinate transfromations into the background, that will coorespond
to the perturbed space in the form
xµ
′
= Xµ
′
ρ x
ρ, (A.3)
and that will produce the metric
gµν = a
2
[
−1− 2A −Bi
−Bi (1− 2D)δij + 2Eij
]
= a2ηµν + a
2
[
−2A −Bi
−Bi −2Dδij + 2Eij
]
.
Now, if we transform the metric gρ′σ′ = X
µ
ρ′X
ν
σ′gµν we obtain the following components
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g0′0′ = X
µ
µ′X
ν
ν′gµν = X
0
0′X
0
0′g00 = g00 = a
2(−1− 2A), (A.4)
g0′l′ = X
µ
0′X
ν
l′gµν = X
0
0′X
j
l′g0j = −a2Rjl′Bj, (A.5)
gk′l′ = X
i
k′X
j
l′gij = a
2(−2DδijRik′Rjl ′ + 2EijRik′Rjl ′) =
a2(−2Dδkl + 2EijRik′Rjl′), (A.6)
so that the perturbations in the new coordinates will be
A
′
= A, (A.7)
D
′
= D, (A.8)
Bl′ = R
j
l′Bj, (A.9)
Ek′l′ = R
i
k′R
j
l′Eij. (A.10)
We conclude that under rotation in the background spacetime coordinates, A and
B transform as scalars, Bi as 3-vectors and Eij as 3-tensors. So, as we stay in one
gauge as we think of them as scalar, vector and tensor fields on the Euclidian 3-D
background space. Based on that, in the Euclidian 3-vector calculus a vector field can
be divided into two components; one with zero curl and the other with zero divergence:
~B = ~BS + ~BV , so that ∇× ~BS = 0 and ∇. ~BV = 0, (A.11)
where ~BS can be expressed as a gradient of scalar field with negative sign
~BS = −∇B. (A.12)
then in component expression it takes the form
Bi = −B,i +BVi since δijBVi,j = 0. (A.13)
Also, a symmetric traceless tensor field Eij can be divided into scalar, vector and
tensor in the form
Eij = E
S
ij + E
V
ij + E
T
ij . (A.14)
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Again we express ESij and E
V
ij in terms of scalar and tensor fields, E and Ei, respec-
tively
ESij = (∂i∂j −
1
3
δij∇2)E = E,ij − 1
3
δijδklE,kl, (A.15)
EVij = −
1
2
(Ei,j + Ej,i) since δi,j = ∇. ~E = 0, (A.16)
δikETij,k = 0 and δ
ijETij = 0. (A.17)
Based on the above calcualtions, the metric perturbation can be divided into scaler
part, which consists of A, B, D and E, vector part, which consists of BVi and Ei, and
tensor part, which consists of Ekij.
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